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Outline

2 easyand hard problems

2 convexoptimization

2 generalizednequalitiesand semide nite programming
2 fastestmixing markov chainand its dual

2 Interior-point algaithms and complexiy analysis
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Least squares (LS)

minimize kAX j bk3

A2 RM" b2 R™ are parameters;x 2 R" is variable

N

havecompletetheay (existence& uniqguenesssensitiviyy analysis. . . )

N

severalalgaithms compute (global) solutionreliably

N

can solvedenseproblemswith n = 1000vbles,m = 10000terms

N

by exploiting structure (e.g., spasity) can solvefar larger problems
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Linear program (LP)

minimize c'x
subjectto a/x - b; i=1;:::;m

c; a 2 R" are parameters;x 2 R" is variable

N

havenealy completetheay
(existence& uniquenesssensitivily analysis. . .)

N

severalalgaithms compute (global) solutionreliably

N

can solvedenseproblemswith n = 1000vbles,m = 10000constraints

N

by exploiting structure (e.g., spasity) can solvefar larger problems
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The bad news

2 LS, LP, and quadratic programming(QP, a hybrid of LS & LP) are
exceptions

2 most optimization problems,evensomevery simplelooking ones,are
Intractable
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Polynomial minimization

minimize p(x)

p is polynomialof degreed; x 2 R" is variable

2 exceptfor specialcaseqe.g.,d = 2) this is a very dixcult problem
2 evenspaseproblemswith sizen = 20, d = 10 are essentiallyintractable

2 all algaithms known to solvethis problemrequiree®at exponentialin
number of terms
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What makes a problem easy or hard?

classicalview:

2 linear Is easy

2 nonlinear is hard(er)

standad nomenclature:LP vs. NLP
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What makes a problem easy or hard?

emerging(and carrect) view:

. . . the great watershed in optimization isn't between linearity and
nonlinearity, but convexity and nonconvexity.

| R.Rockafella, SIAM Review1993
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Convex optimization

minimize fg(X)

x 2 R" is optimization variable;f; : R" ! R are convex:

fi(,x + @i ,)y) - fi(x)+ @i ,)fiy)

forallx,y,0- - 1

5

2 IncludesLS, LP, QP, and many others

2 like LS, LP, and QP, convexproblemsare fundamentally tractable
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Convex analysis & optimization

nice propertiesof convexoptimization problemsknown since1960s

2 |ocal solutionsare global
2 duality theary, optimality conditions

2 simplesolution methads like alternating projections

convexanalysiswell develod by 1970s(Rockafella)
2 sepaating & supporting hyperplanes

2 subgradientcalculus
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What's new (since 1990 or so)

2 powerful primal-dual interior-point methods
extremelyezxcient, handlenonlinea large scaleproblems

2 polynomial-timecomplexiy resultsfor interior-point methods
basedon self-concodanceanalysisof Newton's method

2 extensionto generalizednequalities
semide nite,coneprogramming

2 newstandad problemclasses
generalization®f LP, with theary, algaithms, software

2 |ots of applications

control, combinataial optimization, signalprocessing,
circuit design,. . .
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Some new standard (convex) problem classes

2 second-oder coneprogramming(SOCP)
2 (convexform) geometricprogramming(GP)

2 semide niteprogramming(SDP), maxdetprogramming

for thesenew problem classesve have

2 completeduality theary, similar to LP
2 good algaithms, and robust, reliablesoftware

2 wide vaiety of new applications
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Second-order cone programming

second-arder cone program (SOCP) hasform
minimize ¢} x
subjectto  kAix+ bk, - ¢'x+dj; i=1:::;m
FX=gd

2 vaiableisx 2 R"
2 IncludesLP asspecialcase(A; = 0, b = 0), QP (¢i = 0)
2 nondi®erentiablevhenAix + b = 0

2 new IP methaods can solve(almost) asfast asLPs

COLT 04 Ban®7/3/04

12



Application: Robust linear programming

robust linear program:

minimize c¢'x
subjectto a/x - b forall a 2 E

2 ellipsoid E = f @ + Fijpj kpky - 1 g descrilesuncertainty in
constraintvectas a;

2 x must satisfy constraintsfor all possiblevaluesof a;

2 canextendto uncertainc & b, carelateduncertainties. . .
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Robust LP as SOCP

robustLP is

minimize c¢'x
subjectto a'x + supf (Fip)"x jkpko - 1g- b

which is the sameas

minimize c¢'x
subjectto &' x + kF,"xk, - D

2 an SOCP (hence,readily solved)

2 term kF," xk; is extra margin requiredto accommalate uncertainty in a;
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Generalized inequalities

with proper convexconeK p R we assaiate generalized inequality

XTky () vyix2K

convex optimization problem with generalized inequalities:

minimize fo(X)

f, :R"! RN areKj-convex:forallx,y,0- , - 1,

Fi(x + @i )yt Fi0)+ @i L)fidy)
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Semide nite program

semide nite program (SDP):

minimize c¢'x
subjectto Ap+ XA+ ¢¢C+ x,An 1 O Cx=d

2 Aj = Al 2 RTEM
2 inequalily is matrix inequalil, i.e., K is positive semide nitecone

2 singleconstraint, which is atne (hence,matrix convex)
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Semide nite programming

2 nealy completeduality theary, simila to LP
2 interior-point algaithms that are excient in theay & practice

2 applicationsin many areas:

control theary

combinataial optimization & graphtheay
structural optimization

statistics

sighalprocessing

circuit design

geometricalproblems

algelvaic geometry

[t Y auten Y anten Y anten W anten ¥ anten Wanden W anden |

COLT 04 Ban®7/3/04

17



SDP Lagrangian and dual function

2 primal SDP:

minimize c¢'x
subjectto A(X) = Ag+ X1A1 + ¢C¢+ x, A, O

2 Introducedual variable Z © 0, form Lagrangian:

L(x;Z)=c'x+ Tr(A(x)2)

2 dual function is
Y5

9(Z) = ";](f L(Z) = il otherwise
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Dual SDP
dual SDP:

maximize Tr(AoZ)
Z°0
2 always haveweak duality:
opt. valuedual SDP - opt. valueprimal SDP
(di®erencas duality gap)
2 usuallyhavezeroduality gap (strong duality)

2 just like LP dual
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Generalized Chebyshev inequality
classicalChelyshevinequality:

1
1+ 37

Prob (X < 1),

for any distributionon R with EX = 0, EX? = 3%
(inequality is shap; can construct extremaldistribution)

generalized Chebyshev inequality: nd lower bound on
Prob (X 2 C)

for any distributionon R" with EX = a, EXXT =S
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Generalized Chebyshev inequalities via SDP

lower bound on Prob (X 2 C) is givenby optimal valueof SDP
P m

minimize 1j 2, .|
subjectto a'z , b,;; i=1:::;;m
Pm | Zi Z ’ 1 | S a’
=17t al 1
ZZTi A 00 i=1m
i I

with variablesz; = ZT 2 R"™*", z 2 R", ;i 2R

asin classicalinequalit, lower bound is shap;
can constructdistribution with E X = a, EXX T = S that achievesdbound
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Continuous time symmetric Markov chain on a graph

(joint work with Xiao, Jun, Diaconis)

2 connectedgraphG= (V; E), V= f1;:::;ng, no self-loops

N

Markov processon V, with symmetricrate matrix Q

{Q.J-Ofor(ij)625i6j
{ Qi . Ofgr(l j)2 E
{Qi=i 6Q

eigenvalue®f Q orderedas0= , 1(Q) > ., »(Q), ¢¢, . ,(Q)

N

N

state distribution givenby ¥{t) = exp(tQ )¥£0)

N

distribution convergedo uniform with rate determinedby , »

kv(t) i 1=nky - (p n=2)e 2t
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Fastest mixing Markov chain (FMMC) problem

minimize |, »(Q)
subjectto Q1=0; Q=QF
Qj = Ofor(i;j) 62E; i 6]
Qy . Ofor (ij) 2 E
(i )2E dﬁ Qj - 1

2 variableis matrix Q; problemdata is graph, constantsd; = dj onE
2 needto add constrainton ratessince, , IS homogeneous

2 optimal Q givesfastestdi®usionprocesson graph
(subjectto rate constraint)
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Swap objective and constraint

P
2 ,2(Q) and ;. d Q; are homogeneous

. N . P
2 hence,can just aswell minimizeweightedrate sum ;. y,¢ di Qj
subjectto boundon | »(Q)
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minimize i y2e 9 Qi

subjectto Q1=0;, Q= QT
Qj = Ofor (i;]) 62&; 16 ]
Qj , Ofor(i;))2 E
,2(Q) - i1
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SDP formulation of FMMC
usingQ1 = 0, we have

2(Q) - i1 () Qj 11T=n? jI
so FMMC reducesto SDP

o P
minimize (i )2E ds Qj
subjectto Q1=0; Q= QT
Qijj = Ofor (i;j) 62; i 6 ]
Qj , Ofor(i;))2 E
Qi 117=n? j |

hence:can solveezciently, duality theary, . . .
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Dual of FMMC problem

maximize Tr X
subjectto X + Xjj i Xj i Xji - d2;
X1=0 X©°0
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FMMC dual as maximum-variance unfolding

2 T 3
X
1
2 usevariablesxq;::::X,, with X = 4 1+ 9 [xq ¢¢ex,,]
Xn

2 dual FMMC problembecomes

.. Py 5
maximize -, kXK

P
subjectto Xi =0, kxii xjk- dj; (;5])2E

2 position n pointsin R" to maximizevariance,respecting local distance
constraints,i.e., maximum-variance unfolding problem
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Semide nite embedding

2 similar to semide nite embedding for unsupervisedleaning of
manifolds(which hasdistanceequality constraints)
(Weinberger,Saul2003)
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2 surprise: fastestdi®usionon graph, max-vaianceunfolding are duals
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Interio r-point methods

2 handlelinea and nonlinear convexproblems(Nesterov& Nemirovsky)

2 basedon Newton's method appliedto "barier' functionsthat trap x in
Interior of feasibleregion(hencethe namelP)

2 worst-casecomplexiy theay: # Newton steps» P problemsize
2 In practice: # Newton stepsbetween10 & 50 (!)

2 1000svaiables,10000sconstraintsfeasibleon PC; far larger if structure
IS exploited
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Log barrier

for convexproblem

minimize fo(X)
subjectto fi(x) - O; 1=1;:::;m
we de ne logarithmic barrier as
) X1
AX) =i  log(i fi(x))

=1

2 A is convex,smaoth on interior of feasibleset

2 Al 1 asx appoachesbounday of feasibleset
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Central path

central path is curve

x’(t) = argmin (tf o(x) + A(X)) ;

2 x?(t) is strictly feasible,i.e., f;(x) < O
2 x?(t) canbe computedby, e.g., Newton's method
2 intuition suggestsx?(t) convergego optimal ast !

2 ysingduality can prove x”(t) is m=t-suboptimal
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Example: central path for LP

5 ,
_ P
x?(t) = argmin, tc'xi >, log(h i ax)
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Barrier method

a.k.a. path-follo wing method

given strictly feasiblex, t > 0,1 > 1
repeat
1. computex = x?(t)
(using Newton's methaod, starting from x)
2. exit if m=t < tol
3.t:= 1t

duality gapreducedby ' eachouter iteration
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Trade-o® in choice of 1

large* means

2 fast duality gap reduction (fewer outer iterations), but

2 many Newton stepsto computex?(t™)
(more Newton stepsper outer iteration)

total e®at measuredoy total number of Newton steps
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Typical example

GP with n = 50 variables, N 10° |
m = 100 constraints;m; = 5 &

2 107
2 widerangeof * works well g

©

2 verytypical behavio
(evenfor large m, n)
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Newton iterations

E®ect of 1
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barrier method works well for 1 in large range
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Typical e®at versus problem dimensions

35
_ 0 30 1
2 LPswith n = 2m vblessm &
constraints 5 \ + : k
. = 25 T .
2 100 instancesfor eachof < ) 4
20 problem sizes E } /
Z i j
2 avg & std devshowvn 20
15 ‘1 ‘2 ‘3
10 10 10
m
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Other interior-point methods

more sophisticatedP algaithms

2 primal-dual, incompletecentering,infeasiblestart
2 usesameideas,e.g. central path, log barrier

2 readilyavailable(commercialand noncommerciapackages)

typical perfamance: 10 { 50 Newton steps(!)
| overwiderangeof problemdimensionsproblemtype, and problemdata
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Complexity analysis of Newton's method

2 classicalresult: if jf ° small, Newton's method convergedast
2 classicalanalysisis local, and coordinate dependent

2 needanalysisthat is global, and, like Newton's method, coordinate
Invariant
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Self-concordance

self-concordant functionf (Nesterov& Nemirovsky 1988): when
restrictedto anyline,
jf 200)j - 2f )

2 f SC() f(z)=1(Tz) SC,for T nonsingula
(i.e., SCis coordinate invaiant)

2 alarge number of commonconvexfunctionsare SC

xlogx i logx; logdetXi?t: i log(y?i x"x):
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Complexity analysis of Newton's method for
self-concordant functions

for self-concodant function f , with minimum valuef ?,

2 theorem: #Newton stepsto minimizef , starting from Xx:

# steps: 11(f (x)j f7)+ 5

2 empirically: # steps¥40:6(f (x)j f?)+ 5

note absenceof unknowvn constants,problemdimension,etc.
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Complexity of path-follo wing algorithm

2 to computex? (it ) starting from x?(t),
#steps: 1Im(* j 1 logt)+ 5
usingN&N's self-concodancetheary, duality to boundf ?

2 number of outer stepsto reduceduality gap by factor ® dog®=log?! e

2 total number of Newton steps boundedby product,

Ya

»
0g® (IIm(* j 1i logt) + 5)

log?

. . . capturestrade-o®in choiceof ?
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Complexity analysis conclusions

2 for any choiceof 1, #steps is O(m log 1=2), where? is nal accuracy

2 to optimizScomplexiy bound,cantake! = 1+ 1:p m, whichyields
#steps O(' mlog1=23)

2 In any case,lP methods work extremelywell in practice
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Conclusions

since1990, lots of advancesn theay & practice of convexoptimization

N

complexity analysis

N

semide nite programming,other new problem classes

N

excient interior-point methods & software

N

lots of applications
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